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Abstract 

Recently there has been an interest in studying the role that geometry may play in the problem of 
confining fermions to our four-dimensional spacetime. In general, the focus is on non-Riemannian 
geometries which possess fields like torsion and non-metricity. In this paper, the degrees of freedom 
present in the spin connection in a Riemannian manifold are used to confine fermions. It turns out 
that one can use this connection to trap these particles inside a brane. 
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I. INTRODUCTION 



Due to the fact that we detect only four dimensions in our world, most of the theories and 
models of physics make use of four- dimensional spacetimes. Nonetheless, many physicists 
have brought their attention to the possibility that our Universe has more than four dimen- 
sions. The reason for such an interest in theories with higher dimensions comes from many 
different perspectives and goals. In string theory, for example, one needs extra dimensions 
for consistency [jj, while in Kaluza-Klein theory the extra dimension is used to geometrize 
the electromagnetism (2), 3]. Extra dimensions are also used to explain why gravity is weaker 
than other interactions 4-Q] and to induce matter Q. These example are by themselves 
sufficient to justify the assumption of extra dimensions. However, all of them need to explain 
why we do not detect the effects of these extra dimensions. If a model has a compact extra 
dimension, then one assumes that its radius of compactification is so small that we are not 
able to detect this dimension yet. In the case of large extra dimensions, one demands that 
the ordinary matter be confined to our four- dimensional spacetime, which one usually refers 
to as "brane". An interesting approach to this problem, which will be considered here, is to 
analyze the role that geometry may play to ensure the confinement js]. 

In Refs. IsMlOi, the authors use geometrical fields which appear in either Riemannian or 
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non- Riemannian geometries to confine particles. In |9|, H0[ the authors focus on a classical 
system, while in Ref. [8] they approach a quantum one. In the latter case, there are 
many degrees of freedom which come from the spin connection (sometimes called internal 
connection) that have not been studied from the perspective of the confinement of fermions. 
To exemplify the importance that these degrees of freedom may have to this subject, in Sec. 
IIV1 I present a choice for the spin connection that provides this confinement. Sees. HT1 and 
IIIII are devoted to the notation and the Dirac equation. Some final remarks are given in Sec. 
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II. NOTATION 



A. Vielbein 



One calls "vielbein" a set of one-forms {9 A } such that the metric written in terms of it 
coincides with the Minkowski metric, i.e., g = rj AB 6 A ®Q B = (9^) 2 - (9^) 2 - . . . - (fl^ 1 )) 2 , 
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where n is the spacetime dimension. Its dual basis is a set of vector fields, which we denote 
by {e^}- When numbered, the capital Latin indexes will be surrounded by parentheses, like 
in the metric above. 



B. AfRne Connection 

Given the vielbein 9 A and its dual basis e^, the components of the affine connection V 
in this basis is 

u A BC = e A (ve c \. (1) 



The components of 6 A and ca in a coordinate basis are denoted by e A and e A M , respectively. 



III. DIRAC EQUATION IN A CURVED SPACE 

In a five-dimensional Riemannian spacetime, the Dirac equation reads 

i-f + r„) * - mm = 0, (2) 

where 

T a = l -u Aa B\l A ,l B ] + V a (3) 

is the spin connection, and V a belongs to the Clifford algebra C/3+1. It is important to 
emphasize that, for a five- dimensional spacetime, one uses the Clifford algebra C/3+1, since 
there is no version of it for spacetimes with an odd dimension. Besides, the fifth Dirac 
matrix is taken to be 7^ = — ^(°)^( 1 )^( 2 )^( 3 ) ) where 7^ is the Dirac matrix in a certain 
representation. The value of 7^ in a coordinate basis is 7 4 (:r) = (£oi23(^))~ 1 7 ( ' 4 ' ) , where 
£/ii/a/3 — eA ^ u e ° a e ° p e ABCD is related to the Levi-Civita alternating symbol €abcd by 

ZABCD = tABCD With £(0)(1)(2)(3) = ^0123 = 1- 

In terms of the generators of this algebra, the set {I, r ) A ) [y A , ^ A ^ B ^ 2 ^^} , 
we can write 

V a = a a l + a aA l A + a a AB[l A , 1 B ] + 
a aA Bcl [A l B l C] +a^h W l {2 W Z) - (4) 
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IV. CONFINEMENT OF FERMIONS 



The confinement of fermions can be achieved by taking 

K = (/,/^a-/,a^)7 [ V ] (5) 

and making a suitable choice for the function / = f(x A ). For simplicity, let us assume that 
the affine connection in the vielbein basis vanishes (Minkowski spacetime with Cartesian co- 
ordinates). From this assumption and (jSJ), we can write the five-dimensional Dirac equation 
in the form 

i'fd^ + 8if 7 4 ^ - m* = 0, (6) 

where /' = df(x 4 )/dx 4 . By making the substitution \I/ = e -8 -^* 4 ^, one may rewrite Eq. 
© as 

vfdpip -mip = 0. (7) 

Since we are using Cartesian coordinates in Minkowski, we have 7 M = 7^ = constant. 
Therefore, it is clear that the solution of Eq. (j7|) can be taken as a wavelike solution of the 
type 

(p = e- ip ^u{p), (8) 
where is the five-momentum of the particle. It is straightforward to verify that 

= e-Wt* 4 )^,. (9) 

A suitable choice of / can make go to zero outside a brane characterized by 

As a result, we manage to confine all the fermions in this brane. As an example, we may 

take f(l) = I 2 (I = x 4 ). In this case, the particles stay inside the brane I = 0. 



V. FINAL REMARKS 

n 

It is well-known that the affine connection (0Q) vanishes when a freely falling observer 
uses a convenient coordinate system (see, e.g., p. 330 in Ref. fl2|). In addition, the spin 
connection ([3]) must also vanish in the absence of non-gravitational interactions so that 
the equivalence principle holds. Therefore, the matrix in ()3]) has to be related to a 
non-gravitational interaction to ensure that this principle holds, unless vanishes under 
the same conditions as the affine connection does. Since has a geometrical character, 



relating it to an interaction means geometrizing this interaction (as an example of such 



geometrization, see Ref. 13|). Nonetheless, we only need to guarantee the validity of the 
equivalence principle in four dimensions. If we choose f(x 4 ) in such a way that the particles 
are trapped to the brane x 4 = and (df(l)/dl) \i=o = 0, then would vanish in our world 
(see the example in the previous section). 
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